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                                (The figures in the right hand margin indicate marks.) 

PART – A                                                                                                                      (2 x 10 = 20 Marks) 

 

Q.1. Answer ALL questions                                                                                             CO # Blooms 

Level 

a. Define equivalence relation with example. CO1 K1 

b. Define outer measure. CO1 K1 

c. Explain Every subset of a countable set is countable.    CO1 K2 

d. Prove that 𝜙 is measurable set. CO2 K3 

e. Define step  function. CO2 K3 

f. Define Monotone Convergence Theorem. CO2 K2 

g. Explain  Differentiation  of Monotone functions. CO3 K1 

h. Explain absolutely continuous functions. CO3 K2 

i. State Minkowski   Inequality Theorem.  CO4 K1 

j. Define Banach Spaces. CO4 K2 

 
PART – B                                                                                                                       (10 x 5 = 50 Marks) 

 
Answer ANY FIVE questions Marks CO # Blooms 

Level 

2. a. Prove that the  union of a finite collection of measurable sets is measurable. 5 CO1 K1 

b. Prove that The outer measure of an internal is its length. 5 CO1 K1 

3.a Let A  be any set   and  〈𝐸𝑖〉  be a sequence of disjoint measurable sets and. 

Then m*(A ∩ ⋃ 𝐸𝑖
∞
𝑖=1 ) =∑ 𝑚∗∞

𝑖=1   (A ∩Ei). 

7 CO1 K1 

b Prove that If     𝑚∗𝐴 = 0,    𝑡ℎ𝑒𝑛 𝑚∗(𝐴 ∪ 𝐵) = 𝑚∗𝐵. 3 CO1 K2 

4.a Lebesgue measure is countably additive, that is, if     {𝐸𝑘}𝑘=1
∞     is a countable 

disjoint collection of measurable sets, then its union  𝑈𝑘=1
∞ 𝐸𝑘  also is 

measurable and                   𝑚(𝑈𝑘=1
∞ 𝐸𝑘) =    ∑ 𝑚(𝐸𝑘)∞

𝑘=1 . 

5 CO2 K2 

b  Prove that the function f has a measurable domain E. Then the following 

statements are equivalent:   

i. For each real number 𝛼, the set {𝑥 ∶   𝑓(𝑥) >  𝛼 } is measurable.    

ii. For each real number 𝛼, the set {𝑥 ∶   𝑓(𝑥) ≥  𝛼 } is measurable.   

iii.  For each real number 𝛼, the set {𝑥 ∶   𝑓(𝑥) <  𝛼 } is measurable.  

iv. For each real number 𝛼, the set {𝑥 ∶   𝑓(𝑥) ≤  𝛼 }is measurable. 

Each of these properties implies that for each extended real number c, the set 

{𝑥 ∶   𝑓(𝑥) =  𝛼 } is measurable.          

5 CO2 K2 
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5.a Let 𝑓 𝑎𝑛𝑑 𝑔 be integrable over   E. Then:   

i. The function  𝛼𝑓 is integrable over E, and ∫ 𝛼𝑓
′

𝐸
= 𝛼 ∫ 𝑓.

′

𝐸
   

ii.  Then function  𝑓 +  𝑔  is integrable over E, and 

     ∫ 𝑓 + 𝑔
′

𝐸
 = ∫ 𝑓

′

𝐸
+ ∫ 𝑔

′

𝐸
 .  

iii.  𝐼𝑓  𝑓 ≤ 𝑔  𝑡ℎ𝑒𝑛 ∫ 𝑓 ≤
.

𝐸
∫ 𝑔

.

𝐸
  

iv. If A and B are disjoin measurable sets contained in E, then   

                  ∫ 𝑓
.

𝐴∪𝐵
= ∫ 𝑓

.

𝐴
+ ∫ 𝑓

.

𝐵
          

5 CO2 K2 

b 
Show that if    𝑓(𝑥) = {

0,   𝑖𝑓 𝑥 𝑖𝑠  𝑎 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙
1, 𝑖𝑓  𝑥 𝑖𝑠 𝑎 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙,

 

Then       R∫ 𝑓(𝑥)𝑑𝑥 = 𝑏 − 𝑎
𝑏̅

𝑎
    and R∫ 𝑓(𝑥)𝑑𝑥 = 0.

𝑏

𝑎⏟
    

5 CO2  

6.a If 〈𝑓𝑛〉 is a sequence of nonnegative measurable function and 𝑓𝑛(x)→ 𝑓(𝑥) 

almost every where on a set E, then  ∫ 𝑓 ≤
.

𝐸
  𝑙𝑖𝑚 ∫ 𝑓𝑛

.

𝐸
 

5 CO3 K2 

b  Let  f  be defined and bounded on a measurable set E with mE  finite. In order 

that    inf
𝑓≤𝜓

∫ 𝜓(𝑥) 𝑑𝑥 = sup
𝑓≥𝜑

∫ 𝜑(𝑥)
.

𝐸
𝑑𝑥

.

𝐸
   

For all simple function 𝜑and  𝜓, I is necessary and sufficient that f be 

measurable 

5 CO3  

7. If the function f is monotone on the open interval [a, b].  Then f is 

differentiable   almost everywhere.  The   derivative f'   is measurable, and     

                                    ∫ 𝑓(𝑥) 𝑑𝑥
𝑏

𝑎
≤ 𝑓(𝑎) − 𝑓(𝑏)                     

10 CO3 K3 

8.a If 𝑝 𝑎𝑛𝑑 𝑞 are nonnegative extended real number such that    
1

𝑝
+

1

𝑞
= 1  and  

If  𝑓 ∈ 𝐿𝑝 𝑎𝑛𝑑 𝑔 ∈ 𝐿𝑝, 𝑡ℎ𝑒𝑛 𝑓. 𝑔 ∈ 𝐿1 𝑎𝑛𝑑   

                                     ∫|𝑓. 𝑔| = ||𝑓||
𝑝

. ||𝑔||
𝑝
   

 Equality holds if and only if for some constant 𝛼 𝑎𝑛𝑑 𝛽, not both are zero,     

  we have   𝛼|𝑓|𝑝 =  𝛽|𝑔|𝑞              

5 CO4 K3 

b  Let 𝑓 𝑎𝑛𝑑 𝑔 are in  LP𝐿𝑝  𝑤𝑖𝑡ℎ 1 ≤ 𝑝 ≤ ∞,  then so dose their sum 𝑓 + 𝑔   

and                  ||𝑓 + 𝑔||
𝑝

= ||𝑓||
𝑝

+ ||𝑔||
𝑝
 

If  1 < 𝑝 < ∞, then equality can hold only if there are nonnegative constants 

𝛼 𝑎𝑛𝑑 𝛽 such that 𝛽𝑓 = 𝛼𝑔. 

5 CO4 K3 
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