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(ii) Prove that a polynomial of degree n over 2019
a field can have at most # roots in any |
extension field. (January)
Or

Time : 3 hours

() (i) Letf(x) € Flx] beofdegreenz1.Then
' prove that there is an extension E of F
of degree at most |7 in which J(x) has

. M TOOLS.

Full M.:r_rké :_8{}
Answer from both the Sections as directed

The figures in the right-hand margin indicate marks
(ii) If F is of characteristic 0 and if a, b are

algebraic over F, then prove that there

Candidates are required to answer in their own words
exists an element ¢ € F(a, d) such that

as far as practicable

F(a, b)=F(c). _
(ALGEBRA)
SECTION — A
1. Answer any four of the following :  4x4
(@) Let G be a group, H a subgroup of G, Tan
automorphism of G. Let (H)T= {hT|h e H}.
Prove (H) T'is a subgroup of G.
MA/M.Sc.— Math-IS (103) BA—200

[?iu'l!l_'-.-'l?er}



MA/M.Sc.—Math-IS (103)

(2)

(b) If H is a subgroup of G, show that for every
g €G, gHg™' is a subgroup of G.

(c¢) Express the following as the prédnct of
disjoint cycles : '

(1,2,3)(4,5)(1,6,7,8,9) (1, 5)
(d) Compute a~'ba, where
a=(1,3,5)(1,2),56=(1,5,7,9)

(e) List 51! the conjugate classes in S3 and verify
the class equation.

(/) Provethatif(a, b]=[d’, 5]and [c,d]=[c’,d")
then [a, b} [, d]=[a’, b1 [, d'}.

(g) In a commutative ring with unit element,
prove that the relation a is an associate of b
is an equivalence relation.

(k) Find the greatest common divisor in J[i] of
3 + 4iand 4 - 3i.
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(3) L

or
Answer all the questions : - 2x8

(@) Find the orbits and cycles of the following
permutations :

1 23 456 7 8 9
2 34516 7 9 8)

(8) Provethat(l,2,..,n)"'=(n,n-1,..,2,1).
(c) State Cayley theorem.

(d) Gisacyclic group oforder 12, T: x — x3, is
T is a automorphism of G ?

(e) Give an example of a dihedral group of
order 2n.

(/) Define p-Sylow subgroup.
(2) Define Euclidean ring.

(h#) State Remainder theorem.
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(4)

SECTION —-B

Answer all questions of the following : 16 x 4

3. (a) (i) If Gis a group, then prove that &7(G),
the set of automorphisms of G, is also a

group. _
(ii) If p is a prime number and p| O (G), then
prove that G has an element of order p.

Or

(b) (i) IfO(G)=p" where p is a prime number,
then prove that Z(G) # (e).

(ii) Prove Sylow theorem.

4. (a) (i) LetR beacommutative ring with unit
element whose only ideals are (O) and
R itself. Then prove that R is a field.

(ii) Let R be a Euclideanring and a, b € R.
If b # 0 is not a unit in R, then prove that

d (a) < d (ab).
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(35)

Or

(b) (i) State and prove unique factorization
theorem.

(i7) Fmd theg.c.d. in J[i]of 3+ 4iand 4 - 3i.

S. (a) (i) IfVistheinternal directsumofU,, ..., U,
then prove that ¥V is isomorphic to the
external direct sum of U, ..., U,.

(i7) Prove that L(S) is a subspace of V.
' Or

) () Ifv,...,v, are in V, then prove that
either they are linearly independent or
some v, is a linear combination of the
preceding ones, v,, ..., v; _,.

(ii) If v, ..., v, is a basis of ¥ over Fand if
W), ..., W, in V are linearly independent
over F, then prove that m < n.

6. (a) (i) Prove thatthe element a € X is algebraic
over Fif and only if F(a) is a finite
extension of F.
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