(6)

Or .
(b) Let F be a subspace of X and x € X. Then
y € Fis a best approximation from F to x

if and only if x—y LF and in that case
dist (x,F)={x,x-y)"".

6. (a) LetA € BL(H) be self-adjoint. Then 4 or A
is a positive operator if and only if

(A4@.2) 5 (4@, x) {402 )
forallx,y € H.
& .

(b) Let H, and H, be Hilbert spaces and
A H, - H,be linear. 4 is continuous iff
the set g(4) = {(x, A(x)) : x € H,} is closed
in the Hilbert space H, x H, with the inner
product

((xl* xz]!(}’[.r}'z )) = (I"yl) +I(x:1, yz)
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(FUNCTIONAL ANALYSIS-II )
SECTION —A

1. Answer any four of the following : 4x4

(a) Let X be a separable normed space. Then
prove that every bounded sequence in X has
a weak' convergent subsequence.

(b) Let X be a reflexive normed space. Then
show that every closed subspace of X is
reflexive. '

( Ticm Over )



(2) | ' (3)

(©) Let {u,, u, - } be a countable orthonormal Or
set in an inner product space x and x € X then 1. Answ:xuqzmums '  2x8
rove that
prove (@) Let Xbe areflexive normed space. Then show
2 2 ' that X" is separable if X is separable.
5 (o) s of |

() Define weak convergent.
(c) If Xis a Hilbert space and

xfE”:.(x,u,Ju,. Zlk'z:cm,

where equality holds iff

L]

(d) Let X be an inner product space. If Ec X then show that
is convex, then their exists at most one ' 2 k,u,
best approximation from E to any x € X. »
Prove it.

converges in X, where X is an inner
product space and {u,, i, ---} is a countable

(¢) Let Hbe aHilbert space and 4 € BL (H) then orthonormal set in &

show that .
. _ (d) Let X be ainner product space, every finite
“A’“ = |4} and ﬂ“ﬂ =!A2ﬂ= ﬂ““‘ﬂ dimensional subspace of x is closed in X,
. S (e) Let {x,} beasequence in a Hilbert space .
(f) Let (x,) be a sequence in a Hilbert space H. If {x,} is bounded, then prove that it has a weak
Then prove that x, - x iffx, = x. .- convergent subsequences. .
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(4)

(f) State Riesz representation theorem.

(g) Let Hbe a Hilbert space and 4 EBL(HE.
Show that the closure of R (4) equals Z{(4") .

(5) Let x & X. Then prove that {x,y) =0 for ail
yeXifx=0

SECTION — B

Answer all questions : 16 x 4

3. (a) Let {z,} be a sequence of non-decreasing
functions on [a, b] such that e <z, () <P
for some constants o, palln=1,2, ... and
t € [a, b]. Then there is a non-decreasing
function z on [a, b] such that z is right
continuous on (a,b) and for some
subsequence [z,} of {z,}, we have
2,,(@) —> 2(a), 2,(8) > 2(b) and z, (1) > (1)
for every t & (a, b) at which z is continuous.

Or

(5)

) whemver x, —> x in X, we have F{x,) = F(x)in ¥
(if) whenever x, > x in X, we have F{x,) *» F(x)in ¥’
(iif) whenever x, — x in X, we have F{x,) = F(x)in Y
(iv) whenever x, > x in X, we have Flx,) — Mx)inY
Show that the conditions (i), (if) and (iii) are

equivalent. Condition (#v) implies condition (#/),
but not converse..

(a) State and prove that the Coram-Schmidt
orthonormalization theorem.

Or

(5) Let Hbe a nonzero Hilbert space over X. Then
the following conditions are equivalent :

(i) H has a countable orthonormal basis.
(i) H s linearly isometric to K" for some n.
(iif) H is separable.

(a) Let E be a non-empty closed convex subset

(b) Let Xand Y'be normed spaceand F: X — Y
be-a linear map. Consider the following
conditions : ' :
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of a Hilbert space H. Then for each x € H,
there exists a unique best approximation
from E to x.
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