10. (a} Lst H be a Hinen space ans A = BLH).
Let A be seli-adpoint. Then shaow thal
Al =supf] <Ale), x> i xs H ||x =1} in
parscular A=01if < Alx) x> = 0faralxsH.

g] LetK=CandA = BLIH] Then prove that

there are unique seif-adjoint opsrators B and
E}, Cen H such that A= B + iC. Fusther A is
= E—I rormatif BC = CB.

*
o
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Answer any five gueshans

Symbols ysed have teir peval mesmino

[FUNCTIONAL ANALYSIS)

{a) Let be a closed subspace of 2 rormes
space X, Let -jrn + ¥ be asequarce 1 e
quobent soace XY with usLal gusment rarr
Then prove that the squencs X+
comvengestox+y n XY if 3vs onfv ifree
2 SeQuercs V.| 1 ¥ such tial k< oy
somvergesioxr X

tby Let X znd ¥ 22 ro-med spases #nd

F.X—Ybea'nzarmaz sLci-mzt s ranne

e -
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R(F) of F is finite dimentional. Then showthat - : (b) State and prove Banach's open mapping
F is continuous if the zero space Z(F) is theorem.

glosed in X. Further, ‘show thet @. lrear Show that the coefficient functional corresponding
functional F on X is continuous and only iff

Z(F)is closed on X.

to a Schauder basis for a Banach space X are
continuous. Infact they form a bounded subset of

. _ )
2.. (a) Let X be a normed space over K, f € X’ its dual X'

andf#0.Letae Xwithf(a)=1and r> 0. 5. (a) LetXandY be normed spaces. Then show
Then show that U (a, r) n Z(f) = ¢ if and only if : thatforFe BL(X,Y):
Ifil<. O IF

’ s ’ ’ ’

(b) Prove that a normed space X is a Banach S YFRxe Al =Ty =YLy =N
space if and only if every absolutely (b) LetX, Y andZbe normed spaces. Then show
summable series of elements in X is ’ that:
summable in X. i (F,+ Fz)' E F1' + F; and (kF1)' = kF1'

| where F,, F2 € BL(X,Y)and keK.
3. (a) LetXbeaBanachspaceandY beanormed 3 p
@ P (i) (GF)' =F'G’, where F € BL (X, Y) and

space. Let (F ) be a sequence in BL(X, Y). N T, 1 i e
Let E be a totally bounded subset of X. Then - T

et i

6. (a) Let X be a reflexive normed space. Then

show that (F_(x)) converges to F(x) uniformi
(F,(x)) converg ) y prove that :

forx e Ewhere F € BL(X,Y).

BK — 60/4 (2) Contd. ' BK-60/4 (3) (Tun over)



(b)

(@

(b)
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() Xis Banach and it remains reflexive in -

any equivalent norm.

(i) Xis reflexive.

Let (x'n) be a sequence in a normed space
X:If (<) is bounded and (X (x) is a Cauchy
sequence in K for each x in a subset of X,
whose span is dense in X, then show that
(x) is weak convergent in X’. The converse
holds if X is a Banach space.

Let H = K". For x = (x(1), ..... , x(n))

¥ = (y(1), ....... , Y(n)) in H, define

<X y> = D x() W Then show that
j=1

<, > s aninner product on H.

Let {ua} be an orthonormal set in an
inner product space X and x e X. Let

o {ua - <X, u > # 0}. Then show that
E, is a countable set. If E, is denumerable,

then < x, un>—>0asn-—>co.

Contd.

2

)
|

(a)

(@)

(b)
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Let X be an inner product space. Let E — X
and X € E. Then show that there exists a
bést approximation form E to x iff x € E.
Further, if E < X is convex . Then there exists
at most one best approximation from E to

anyxe X.

Let H be a Hilbert space and F be a non-
empty closed subspace of H. Then H=F+
F1. Moreover F=F

Let H be a Hilbert Space and A€ BL(H). Let
Z(A)=R(A*)" and Z(A*) = R(A)". Then show
thatAis injective if and only if R(A*) is dense
inHandA*is injective iff R(A) is dense in H.
Also closure of R(A) = Z(A*)" and closure of
R(A*) =z (A)".

LetAe BL(H)and F be a closed subspace
of H. Then show that A(F) c F iff A*(F ) <
and in that case (A Y= PA*'  Where P is

the orthogonal projection of H onto F.

(Turm over)



