. equality; . addition .and scalar
multiplication are defined component
wise. Prove that V is a vector space

over R.

6. (a) () Show that the two extension fields
Q [«.E+ -\E} and Q («E,Jﬁ) over Q
are same. . -

(i) Prove that a polynomial of degree n
over a field can have at most n roots in
any extension field.

OR
(b) () Find the splitting field of the polynomial
O -2overQ.

(i} If the field F is of characteristic 0 and if
a, b are algebraic over F, then prove that
there exists an element ¢ £F (a, b) such
that F(a, b) = F(c).

*
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Answer from both the Sections as directed.
The symbols used have their usual meanings.
(ALGEBRA - 1)

Section - A

1. Answer any four of the following : 4x4 = 16

(a) Forginagroup G define T;: G > GbyxTg=
9~ xg, for xcG. Prove that Tg is an
automorphism.

(b) Prove that N{a), the normalizerofa=Gis a
subgroup of G

Y.) - B9/4 { Tum over)



(c)

(d)

(e)

()

Show that a group G of order 30 has a
normal subgroup of order 15.

If the vector spaces V and W are isomorphic
under the isomorphism T, then show that T
maps a basis of V onto a basis of W,

Prove that the minimal polynomial satisfied
by an algebraic element over Fis
irreducible.

If ‘a' is an element of the Euclidean nng R
show that d(a) = d(1) if and only if ‘&’ is a unit
inR.

OR

Answer all questions from the following -

(&)

()

(¢)

2x8 =16

If g is an automorphism on a finite group G
and ae G, then show that order of ‘a’ and
‘d(ay is same.

Compute a~! ba, where a = (13 5) (12)
ardb={1579) are elements of 5q.

Is 2 + i, prime in Jfi] ? Justify your answer.

(d) Show thatl1Z is a maximal ideal of Z.

YJ—89/4 (21 Contd.

f
(@)

(h)

(e} .Prpve with justificafiqn.dhat the quetignt ring

Z30x)/ <x? + 1> ig g fielg, where <x?+ 1>
denotes the |deel generated byr (xE +1).

Find a beele ef G euer H

Let k be an exteneien field of F. If ack is a
root of p{x) € F [X], then ghow that (x — a} /
p{x} in k {x].

Which of the following is constructible ?

M 2

(i) 42

Justify your answer.

Section-B

Answer all questions of the following 1 16x4 = 64

(@)

Y.J - 8914 (3)

(i) G is agroup, then show that A(G), the
sat of automorphisms of G is also a
group.

{iiy 1f O(G) = p", where p is a prme number,
then show that z = {e}, where z is the
center of G

OR

( Tum over )



fb]”ti} Prove that the set of éven permutations

bt

i

T than shuw that

4. {a) (i)

(i}

Y.J —89/4

AnlnS fonnasubgmupofs

!I'Graagmup HasubgrnwnfGarl:ls

. |s the set of all right cosets of H in G,

there is a
homomorphism & of G into A{S}, whose
kemnel is the largest normal subgroup of
G which is contained in H.

If G is a finite group, p is a prime and
p" /o {G) but p"*1 X O(G), then show
that any two subgroups of G of order pn
are conjugate.

Let R be a commutative ring with unit
element and M be an ideal of R. If M is
maximal, then show that R/M is a fiekd.
Show that the ideal generated by a
prime number p is maximal in Z.

OR

(4) Contd.

gy (@

gL ¥
(o

Prove tHEt a Elulidean ring is a
Uetincipal ided @main.

Sl R 1'!.,"- [ IrT =)

{:u} Prove that the integral domain J[i] is a

5 (&) (i}

(if)

®) ()

(ii)

YJ - 89/4

Euclidean ring.

Prove that Qfx] / <x2+1> is a field
isomorphic to the field of complex
numbers, where <x2+1> is the ideal
generated by (x%+1).

If a vector space V is of dimension n
aver F, then show that V is isomorphic
to FM, Also show that two vector spaces
over F of same dimension are
isomorphic.

OR

If f{x) and g{x} are primitive polynomials,
then prove that f{x) g{x) is a primitive
polynomial,

Let vV be the set of all sequences

@y, ap, - ap, ), 4 € R, where

(3) { Tum over)



